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Abstract
In this paper, we mainly study properties of nullsolutions of the operator Dk (k ∈ N∗ = N \ {0}),
so-called k-regular functions. Firstly, we study the set [P (0)
p,k
] of all homogeneous polynomials of
degree p in x1, . . . , xn which are k-regular in the whole Rn, clearly [P (0)p,k] is a right module over
C(Vn,n), we construct a basis [B(0)p,k] for the right module [P (0)p,k]. Secondly, we study the k-regular
and analytic functions, and we give the Taylor expansions for these functions. At last, the corre-
sponding Taylor expansions for k-regular functions are given since each k-regular function is a real
analytic function.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
The theory of functions with values in a Clifford algebra has been greatly developed at
the present time (see [1–22] etc.), it generalizes in an elegant way the theory of holomor-
phic functions in the plane to higher dimensions and it also refines the theory of harmonic
functions. Many systemic work on regular functions with values in a Clifford algebra which
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variable were introduced (see [7,13,14,17] etc.). In [7], R. Delanghe, F. Sommen, F. Brackx
obtained many important hypercomplex function theoretic results, such as: Cauchy integral
formula, Taylor and Laurent expansion, mean value theorem, maximum modulus theorem,
Liouville and Morera theorem, residue theorem etc., which are the extensions of well-
known classical theorems. In 1976, F. Brackx firstly studied the k-regular functions with
values in the algebra of real quaternions, the Cauchy integral formula and Taylor series
were established (see [8]). In 1977, R. Delanghe and F. Brackx studied k-regular function
with values in a Clifford algebra C(Vn,0), the corresponding Cauchy integral formula and
Taylor series were obtained (see [12]). In [2,3], H. Begehr gave different integral repre-
sentation formulas for functions with values in a Clifford algebra C(Vn,0). In [6,22], we
obtained the Cauchy integral formula for k-regular functions with values in a universal
Clifford algebra C(Vn,n), the results are quite different from [2,3,12] since the kernel func-
tions are different. Analogous Cauchy integral formula can be also found in [18]. In this
paper, based on the idea in [7–9,12], we continue to study the properties of k-regular func-
tions with values in a universal Clifford algebra C(Vn,n). Firstly, we study the set [P (0)p,k]
of all homogeneous polynomials of degree p in x1, . . . , xn which are k-regular in a cer-
tain open neighborhood of the origin and thus k-regular in the whole Rn. Clearly [P (0)p,k]
is a right module over C(Vn,n). We construct a basis [B(0)p,k] for the right module [P (0)p,k],
and we also give explicit expressions for all homogeneous polynomials of degree p in
x1, . . . , xn by these basic homogeneous polynomials. Secondly, we study the analytic k-
regular functions. We give the Taylor expansions for these functions; at last, as Dk is an
elliptic operator, its nullsolutions are automatically real analytic, thus the corresponding
Taylor expansions for k-regular functions with values in a universal Clifford algebra are
obtained. It is interesting to point that, by the Cauchy integral formula obtained in [6,22],
we can also get the Taylor expansions for k-regular functions with values in a universal
Clifford algebra C(Vn,n). The results presented in this paper give improved information
over results in [7,9].
2. Preliminaries and notations
Let Vn,s (0  s  n) be an n-dimensional (n  1) real linear space with basis
{e1, e2, . . . , en}, C(Vn,s) be the 2n-dimensional real linear space with basis{
eA,A = {h1, . . . , hr } ∈PN, 1 h1 < · · · < hr  n
}
,
where N stands for the set {1, . . . , n} and PN denotes for the family of all order-preserving
subsets of N in the above way. We denote e∅ as e0 and eA as eh1···hr for A = {h1, . . . , hr} ∈
PN . The product in C(Vn,s) is defined by

eAeB = (−1)#((A∩B)\S)(−1)P (A,B)eAB, if A,B ∈PN,
λµ =∑A∈PN ∑B∈PN λAµBeAeB,
if λ =∑A∈PN λAeA, µ =∑A∈PN µAeA,
(2.1)
where S stands for the set {1, . . . , s}, #(A) is the cardinal number of the set A, the number
P(A,B) = ∑ P(A, j), P(A, j) = #{i, i ∈ A, i > j}, the symmetric difference setj∈B
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component of the Clifford number λ. It follows at once from the multiplication rule (2.1)
that e0 is the identity element written now as 1 and in particular,

e2i = 1, if i = 1, . . . , s,
e2j = −1, if j = s + 1, . . . , n,
eiej = −ej ei, if 1 i < j  n,
eh1eh2 · · · ehr = eh1h2···hr , if 1 h1 < h2 < · · · < hr  n.
(2.2)
Thus C(Vn,s) is a real linear, associative, but noncommutative algebra and it is called the
universal Clifford algebra over Vn,s .
In the sequel, we constantly use the following conjugate:{
eA = (−1)σ(A)+#(A∩S)eA, if A ∈PN,
λ =∑A∈PN λAeA, if λ =∑A∈PN λAeA, (2.3)
where σ(A) = #(A)(#(A) + 1)/2. Sometimes λA is also written as [λ]A, in particular,
the coefficient λ∅ is denoted by λ0 or [λ]0, which is called the scalar part of the Clifford
number λ.
From (2.3), it is easy to check:

ei = ei, if i = 0,1, . . . , s,
ej = −ej , if j = s + 1, . . . , n,
λµ = µλ, for any λ,µ ∈ C(Vn,s).
(2.4)
We introduce the norm on C(Vn,s):
|λ| =√(λ,λ) =
( ∑
A∈PN
λ2A
)1/2
. (2.5)
Let Ω be an open nonempty subset of Rn. Functions f defined in Ω and with values
in C(Vn,s) will be considered, i.e., f :Ω → C(Vn,s), more clearly, f (x) =∑A fA(x)eA,
x = (x1, x2, . . . , xn) ∈ Ω , where the symbol∑A is abbreviated from∑A∈PN and fA(x) is
the eA-component of f (x). Obviously, fA are real-valued functions in Ω , which are called
the eA-component functions of f . Whenever a property such as continuity, differentiability,
etc. is ascribed to f , it is clear that in fact all the component functions fA possess the cited
property. So f ∈ C(r)(Ω,C(Vn,s)) is very clear.
Frequent use will be made of the notation Rnz where z ∈Rn, which means to remove z
from Rn. In particular Rn0 =Rn \ {0}.
Since we shall only consider the case of s = n in this paper, we shall only consider the
operator D which is written as follows:
D =
n∑
ek
∂
∂xk
:C(r)
(
Ω,C(Vn,n)
)→ C(r−1)(Ω,C(Vn,n)),
k=1
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from the left and right being governed by the rule
D[f ] =
n∑
k=1
∑
A
ekeA
∂fA
∂xk
, [f ]D =
n∑
k=1
∑
A
eAek
∂fA
∂xk
.
Definition 2.1. A function f ∈ C(r)(Ω,C(Vn,n)) (r  1) is called left (right) regular in
Ω if D[f ] = 0 ([f ]D = 0) in Ω; A function f ∈ C(r)(Ω,C(Vn,n)) (r  k) is called left
(right) k-regular in Ω if Dk[f ] = 0 ([f ]Dk = 0) in Ω .
In the sequel, we shall only consider left k-regular functions, we shall describe them as
k-regular function for brevity; the right k-regular functions can be similarly discussed.
Let M be an n-dimensional differentiable oriented manifold with boundary contained
in some open nonempty set Ω ⊂Rn. The differential space with basis {dx1,dx2, . . . ,dxn}
is denoted by Vn. Let G(Vn) be the Grassmann algebra over Vn with basis {dxA,A ∈PN}.
The exterior product on G(Vn) also may be defined by

dxA ∧ dxB = (−1)P (A,B) dxA∪B, if A,B ∈ PN,A ∩ B = ∅,
dxA ∧ dxB = 0, if A,B ∈ PN,A ∩ B 
= ∅,
η ∧ υ =∑A∑B ηAυB dxA ∧ dxB, if η =∑A ηA dxA, υ =∑A υA dxA,
(2.6)
where ηA and υA are real and
∑
A is the same as before. Obviously, as a rule,

dx∅ = dx0 = 1,
dxh1 ∧ dxh2 ∧ · · · ∧ dxhr = dxh1h2···hr , if 1 h1 < h2 < · · · < hr  n,
dxA ∧ dxB = (−1)#(A)#(B) dxB ∧ dxA, if A,B ∈PN.
(2.7)
If moreover we construct the direct product algebra W = (C(Vn,s),G(Vn)), then we may
consider a function Υ :M →W of the form
Υ (x) =
∑
A
∑
#(B)=p
ΥA,B(x)eA dxB,
where all ΥA,B are of the class C(r) (r  1) in Ω and p is fixed, 0 p  n. Υ is called a
C(Vn.s)-valued p-differential form.
Let furthermore C be a p-chain on M , then we define∫
C
Υ (x) =
∑
A
∑
#(B)=p
eA
∫
C
ΥA,B(x)dxB.
In the sequel, since we shall only consider the case of s = n, we shall use the following
C(Vn,n)-valued (n − 1)-differential form, which is exact and written as
dθ =
n∑
k=1
(−1)k−1ek dxˆNk ,
where
dxˆNk = dx1 ∧ · · · ∧ dxk−1 ∧ dxk+1 ∧ · · · ∧ dxn.
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In this section, we shall consider k-regular homogeneous polynomials [P (0)p ] of de-
gree p in x1, . . . , xn with values in the universal Clifford algebra C(Vn,n). We shall give
explicit representations of these k-regular homogeneous polynomials in terms of basic
polynomials. In the following, we admit that p ∈ N∗ = N \ {0}.
Definition 3.1. A function Qp :Rn → C(Vn,n) with Qp(xN) = ∑A Qp,A(xN)eA, xN =
(x1, . . . , xn) ∈Rn is called a homogeneous polynomial of degree p if all the components
Qp,A(x
N) are homogeneous polynomials of the same degree p in x1, . . . , xn.
In the following, we shall construct the basic k-regular homogeneous polynomials. Let
zk = xke0 − x1e1ek, k = 2, . . . , n;
Vl1,...,lp
(
xN
)= 1
p!
∑
π(l1,...,lp)
zl1 · · · zlp , (3.1)
where (l1, . . . , lp) ∈ {2, . . . , n}p , the sum is taken over all permutations with repetition of
the sequence (l1, . . . , lp).
Lemma 3.1 (see [9]). The homogeneous polynomials Vl1,...,lp (xN) of degree p are regular
in the whole Rn.
Lemma 3.2. Suppose x = x1e1 +· · ·+ xnen, f ∈ C(r)(Rn,C(Vn,n)) (r  1), then we have
D[xf ] = nf − xD[f ] + 2
n∑
i=1
xi
∂f
∂xi
. (3.2)
We refer to the analogous formula (for the case e2j = −1, j = 1, . . . , n) to be found in
[13, Chapter II, §1.12].
Corollary 3.1. Suppose x = x1e1 + · · · + xnen, f ∈ C(r)(Rn,C(Vn,n)) (r  1), and
D[f ] = 0, then
D[xf ] = nf + 2
n∑
i=1
xi
∂f
∂xi
. (3.3)
Corollary 3.2. Suppose x = x1e1 + · · · + xnen, f ∈ C(r)(Rn,C(Vn,n)) (r  1), and f be
a homogeneous polynomial of degree p, then
D[xf ] = (n + 2p)f − xD[f ]. (3.4)
Corollary 3.3. Suppose x = x1e1 + · · ·+ xnen, f ∈ C(r)(Rn,C(Vn,n)) (r  1), D[f ] = 0,
and f be a homogeneous polynomial of degree p, then we have
D[xf ] = (n + 2p)f. (3.5)
496 Z. Zhang / J. Math. Anal. Appl. 315 (2006) 491–505Remark 3.1. By Corollary 3.3, suppose f ∈ C(r)(Rn,C(Vn,n)) (r  2), D[f ] = 0, and
f be a homogeneous polynomial of degree p, then D2[xf ] = 0, and so xf is a 2-regular
homogeneous polynomial of degree p + 1.
Similarly as in [13], we can get
Lemma 3.3. Suppose x = x1e1 + · · · + xnen, f ∈ C(r)(Rn,C(Vn,n)) (r  1), D[f ] = 0,
and f be a homogeneous polynomial of degree p, then we have
D
[
xkf
]=
{
kxk−1f, k = 2j, j = 1, . . . ,
(n + 2p + k − 1)xk−1f, k = 2j + 1, j = 0,1, . . . . (3.6)
Corollary 3.4. Suppose x = x1e1 + · · · + xnen, f ∈ C(r)(Rn,C(Vn,n)) (r  1), D[f ] = 0,
and f be a homogeneous polynomial of degree p, then xkf is (k + 1)-regular in Rn.
We refer to an analogous result to be found in [17].
In the sequel, we shall construct all basic k-regular homogeneous polynomials of de-
gree p. We denote
Cj,p =
{
1, j = 0,
1/
(
2[j/2]([j/2]) !∏[(j−1)/2]µ=0 (n + 2p + 2µ)), j ∈ N∗. (3.7)
Theorem 3.1. Let Cj,p and Vl1,...,lp (xN) be as above, then for j ∈ N∗,
D
[
Cj,px
jVl1,...,lp
(
xN
)]= Cj−1,pxj−1Vl1,...,lp(xN). (3.8)
Proof. For j = 1, C1,p = 1/(n + 2p), we have to prove
D
[
C1,pxVl1,...,lp
(
xN
)]= Vl1,...,lp(xN). (3.9)
By Lemma 3.1, in view of Vl1,...,lp (xN) being a regular homogeneous polynomial of degree
p in Rn, by Corollary 3.3 and Lemma 3.3, (3.9) follows.
For j = 2m, by Lemmas 3.1 and 3.3, we have
D
[
C2m,px
2mVl1,...,lp
(
xN
)]
= 1
2mm !(n + 2p) · · · (n + 2p + 2m − 2)D
[
x2mVl1,...,lp
(
xN
)]
= 1
2m−1(m − 1) !(n + 2p) · · · (n + 2p + 2m − 2)x
2m−1Vl1,...,lp
(
xN
)
= C2m−1,px2m−1Vl1,...,lp
(
xN
) (3.10)
so, (3.8) holds for j = 2m.
For j = 2m + 1, by Lemmas 3.1 and 3.3 again, we have
D
[
C2m+1,px2m+1Vl ,...,lp
(
xN
)]1
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2mm!(n + 2p) · · · (n + 2p + 2m)D
[
x2m+1Vl1,...,lp
(
xN
)]
= 1
2mm!(n + 2p) · · · (n + 2p + 2m − 2)x
2mVl1,...,lp
(
xN
)
= C2m,px2mVl1,...,lp
(
xN
) (3.11)
so, (3.8) also holds for j = 2m+1, thus, (3.8) holds for j ∈ N∗. The theorem is proved. 
Corollary 3.5. Let Cj,p and Vl1,...,lp (xN) be as above, then for j ∈ N∗,
Dj+1
[
Cj,px
jVl1,...,lp
(
xN
)]= 0. (3.12)
Corollary 3.6. Let Cj,p−j and Vl1,...,lp−j (xN) be as above, where j ∈ N, j < p,
(l1, . . . , lp−j ) ∈ {2, . . . , n}p−j , then Cj,p−jxjVl1,...,lp−j (xN) are (j + 1)-regular homo-
geneous polynomials of degree p in Rn.
We denote the set of all k-regular homogeneous polynomials of degree p in Rn as
[P (0)p,k], where k ∈ N∗, k  p, and we put
B
(0)
p,k =
{
Cj,p−jxjVl1,...,lp−j
(
xN
)
,
j = 0, . . . , k − 1, (l1, . . . , lp−j ) ∈ {2, . . . , n}p−j
}
. (3.13)
Corollary 3.7. Let Cj,p−j and Vl1,...,lp−j (xN) be as above, where j ∈ N, j < p,
(l1, . . . , lp−j ) ∈ {2, . . . , n}p−j , then any right linear combination
k−1∑
j=0
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j
are k-regular homogeneous polynomials of degree p in Rn, where Cl1,...,lp−j ∈ C(Vn,n).
Lemma 3.4 (see [9]). If Qp(xN) is a homogeneous regular polynomial of degree p in Rn,
then
Qp
(
xN
)= ∑
(l1,...,lp)
Vl1,...,lp
(
xN
) ∂pQp(xN)
∂xl1 · · · ∂xlp
, (3.14)
where the sum is taken over all possible combinations with repetition of the elements
2, . . . , n in sets of p elements.
Theorem 3.2. The set B(0)p,k is right C(Vn,n)-free.
Proof. If we take any linear combination
k−1∑
j=0
∑
(l ,...,l )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j = 0, ∀xN ∈Rn, (3.15)1 p−j
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that
∂jVl1,...,lj (x
N)
∂xl′1 · · · ∂xl′j
=
{
e0, (l1, . . . , lj ) = (l′1, . . . , l′j ),
0, (l1, . . . , lj ) 
= (l′1, . . . , l′j ),
(3.16)
where (l1, . . . , lj ) ∈ {2, . . . , n}j , (l′1, . . . , l′j ) ∈ {2, . . . , n}j , 1  j  p. Acting on (3.15)
with the operator Dk−1, by Theorem 3.1 and Corollary 3.6, we have∑
(l1,...,lp−k+1)
Vl1,...,lp−k+1
(
xN
)
Cl1,...,lp−k+1 = 0, ∀xN ∈Rn. (3.17)
By (3.16), acting on (3.17) with the operator ∂p−k+1/∂xl1 · · · ∂xlp−k+1 , we obtain
Cl1,...,lp−k+1 = 0, (3.18)
where (l1, . . . , lp−k+1) ∈ {2, . . . , n}p−k+1, and so (3.15) can be written as follows:
k−2∑
j=0
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j = 0, ∀xN ∈Rn. (3.19)
In the same way continuing, we obtain that Cl1,...,lp−j = 0 holds for all Cl1,...,lp−j ∈
C(Vn,n). Thus the result is proved. 
Theorem 3.3. If Qp(xN) is a k-regular homogeneous polynomial of degree p inRn, more
clearly, Qp(xN) ∈ [P (0)p,k], then
Qp
(
xN
)= k−1∑
j=0
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j , (3.20)
where Cl1,...,lp−j ∈ C(Vn,n), (l1, . . . , lp−j ) ∈ {2, . . . , n}p−j , the sum is taken over all pos-
sible combinations with repetition of the elements 2, . . . , n in sets of p − j elements; and
the expression (3.20) is unique.
Proof. For k = 1, by Lemma 3.4, (3.20) holds.
For k = 2, that is to say, D2[Qp(xN)] = 0, we shall prove
Qp
(
xN
)= 1∑
j=0
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j . (3.21)
Since D2[Qp(xN)] = D[D[Qp(xN)]] = 0, and D[Qp(xN)] is a homogeneous polynomial
of degree p − 1, so by Lemma 3.4 again, we have
D
[
Qp
(
xN
)]= ∑
(l1,...,lp−1)
Vl1,...,lp−1
(
xN
)∂p−1D[Qp(xN)]
∂xl1 · · · ∂xlp−1
. (3.22)
By Theorem 3.1, we also have
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[ ∑
(l1,...,lp−1)
C1,p−1xVl1,...,lp−1
(
xN
)∂p−1D[Qp(xN)]
∂xl1 · · · ∂xlp−1
]
=
∑
(l1,...,lp−1)
Vl1,...,lp−1
(
xN
)∂p−1D[Qp(xN)]
∂xl1 · · · ∂xlp−1
. (3.23)
Combining (3.22) with (3.23), we have
D
[
Qp
(
xN
)− ∑
(l1,...,lp−1)
C1,p−1xVl1,...,lp−1
(
xN
)∂p−1D[Qp(xN)]
∂xl1 · · · ∂xlp−1
]
= 0. (3.24)
By Lemma 3.4 again, we have
Qp
(
xN
)− ∑
(l1,...,lp−1)
C1,p−1xVl1,...,lp−1
(
xN
)∂p−1D[Qp(xN)]
∂xl1 · · · ∂xlp−1
=
∑
(l1,...,lp)
Vl1,...,lp
(
xN
)
×
∂p
(
Qp(x
N) −∑(l1,...,lp−1) C1,p−1xVl1,...,lp−1(xN) ∂p−1D[Qp(xN)]∂xl1 ···∂xlp−1 )
∂xl1 · · · ∂xlp
, (3.25)
thus (3.21) holds.
Assume (3.20) holds for k-regular homogeneous polynomials of degree p in Rn, we
shall prove (3.20) for any (k + 1)-regular homogeneous polynomial Qp(xN) of degree
p in Rn. Since Dk+1[Qp(xN)] = Dk[D[Qp(xN)]] = 0, in view of D[Qp(xN)] being a
k-regular homogeneous polynomial of degree p − 1, by induction hypothesis, we have
D
[
Qp
(
xN
)]= k−1∑
j=0
∑
(l1,...,lp−1−j )
Cj,p−1−jxjVl1,...,lp−1−j
(
xN
)
Cl1,...,lp−1−j . (3.26)
By Theorem 3.1, we also have
D
[
k−1∑
j=0
∑
(l1,...,lp−1−j )
Cj+1,p−1−jxj+1Vl1,...,lp−1−j
(
xN
)
Cl1,...,lp−1−j
]
=
k−1∑
j=0
∑
(l1,...,lp−1−j )
Cj,p−1−jxjVl1,...,lp−1−j
(
xN
)
Cl1,...,lp−1−j , (3.27)
thus we can rewrite (3.27) as
D
[
k∑
j=1
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j
]
=
k−1∑
j=0
∑
(l ,...,l )
Cj,p−1−jxjVl1,...,lp−1−j
(
xN
)
Cl1,...,lp−1−j , (3.28)1 p−1−j
500 Z. Zhang / J. Math. Anal. Appl. 315 (2006) 491–505and so
D
[
Qp
(
xN
)− k∑
j=1
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j
]
= 0. (3.29)
By Lemma 3.4 again, we have
Qp
(
xN
)− k∑
j=1
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j
=
∑
(l1,...,lp)
Vl1,...,lp
(
xN
)
Cl1,...,lp , (3.30)
thus (3.20) holds for any (k + 1)-regular homogeneous polynomial Qp(xN) of degree p
in Rn. So the result follows.
We shall continue to prove the uniqueness of the expression (3.20), suppose Qp(xN)
has another expression as follows:
Qp
(
xN
)= k−1∑
j=0
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
C′l1,...,lp−j . (3.31)
Then
k−1∑
j=0
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)(
Cl1,...,lp−j − C′l1,...,lp−j
)= 0.
By Theorem 3.2, we have
Cl1,...,lp−j = C′l1,...,lp−j , (3.32)
where (l1, . . . , lp−j ) ∈ {2, . . . , n}p−j , j = 0, . . . , k − 1, thus the uniqueness is proved. 
Theorem 3.4. Suppose Qp(xN) ∈ [P (0)p,k], then Cl1,...,lp−j in (3.20) can be expressed as

Cl1,...,lp−k+1 = ∂
p−k+1(Dk−1[Qp(xN)])
∂xl1 ···∂xlp−k+1 ,
Cl1,...,lp−j
= ∂
p−j (Dj [Qp(xN)]−∑k−1i=j+1∑(l1,...,lp−i ) Ci−j,p−ixi−j Vl1,...,lp−i (xN)Cl1,...,lp−i )
∂xl1 ···∂xlp−j ,
for j = k − 2, . . . ,0,
(3.33)
where (l1, . . . , lp−j ) ∈ {2, . . . , n}p−j .
Proof. At first, applying the operator Dk−1 to (3.20), by Theorem 3.1, we have
Dk−1
[
Qp
(
xN
)]= ∑
(l1,...,lp−k+1)
Vl1,...,lp−k+1
(
xN
)
Cl1,...,lp−k+1 . (3.34)
In view of (3.16), then applying the operator ∂p−k+1/∂xl1 · · · ∂xlp−k+1 to (3.34), the first
equality in (3.33) holds.
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applying the operator Dj to (3.20), by Theorem 3.1, we have
Dj
[
Qp
(
xN
)]
=
∑
(l1,...,lp−j )
Vl1,...,lp−j
(
xN
)
Cl1,...,lp−j
+
k−1∑
i=j+1
∑
(l1,...,lp−i )
Ci−j,p−ixi−jVl1,...,lp−i
(
xN
)
Cl1,...,lp−i . (3.35)
In view of (3.16) again, applying the operator ∂p−j /∂xl1 · · · ∂xlp−j to (3.35), thus the sec-
ond equality in (3.33) is proved. 
Clearly, [P (0)p,k] is a right module over C(Vn,n). By Theorems 3.2 and 3.3, we derive
Theorem 3.5. [B(0)p,k] is a basis for the right module [P (0)p,k], where p,k ∈ N∗, and k  p.
In the sequel, we shall give an explicit representation of homogeneous polynomials of
degree p. We denote
Cj,0 =
{
1, j = 0,
1/
(
2[j/2]([j/2])!∏[(j−1)/2]µ=0 (n + 2µ)), j ∈ N∗. (3.36)
Lemma 3.5. Let Cj,0 be as above, and x = x1e1 + · · · + xnen, then for j ∈ N∗,
D
[
Cj,0x
j
]= Cj−1,0xj−1. (3.37)
Theorem 3.6. If Qp(xN) is a homogeneous polynomial of degree p in Rn, and
Dp[Qp(xN)] 
= 0, then
Qp
(
xN
)= p∑
j=0
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
C′l1,...,lp−j , (3.38)
where C′l1,...,lp−j ∈ C(Vn,n), (l1, . . . , lp−j ) ∈ {2, . . . , n}p−j , and Vl1,...,lp−j (xN)
= e0 for
j = p. The sum is taken over all possible combinations with repetition of the elements
2, . . . , n in sets of p − j elements. The C′l1,...,lp−j can be expressed as

C′l1,...,lp−j = Dp[Qp(xN)] for j = p,
C′l1,...,lp−j =
∂p−j (Dj [Qp(xN)−Cp,0xpDp[Qp(xN)]])
∂xl1 ···∂xlp−j for j = p − 1,
C′l1,...,lp−j
=
∂p−j (Dj [Qp(xN)−Cp,0xpDp [Qp(xN)]]−∑p−1i=j+1 ∑(l1,...,lp−i ) Ci−j,p−ixi−j Vl1,...,lp−i (xN)C′l1,...,lp−i )
∂xl1 ···∂xlp−j
for j = p − 2, . . . ,0.
(3.39)
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Dp
[
Qp
(
xN
)− Cp,0xpDp[Qp(xN)]]= 0,
in view of Qp(xN) − Cp,0xpDp[Qp(xN)] being a p-regular homogeneous polynomial of
degree p in Rn, by Theorems 3.3 and 3.4, the result follows. 
Remark 3.2. Let Qp(xN) be a k-regular homogeneous polynomial of degree p inRn, and
k  p, C′l1,...,lp−j ,Cl1,...,lp−j be as above, then (3.38) still holds, and
C′l1,...,lp−j =
{
Cl1,...,lp−j for j = 0, . . . , k − 1,
0 for j = k, . . . ,p, (3.40)
By Theorem 3.6 and Remark 3.2, we have
Theorem 3.7. Let Qp(xN) be a k-regular homogeneous polynomial of degree p in Rn,
C′l1,...,lp−j ,Cj,p−j be as above, then
Qp
(
xN
)= inf(k−1,p)∑
j=0
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
C′l1,...,lp−j . (3.41)
4. k-Regular analytic functions
In this section, we mainly consider k-regular analytic functions, and we shall give the
Taylor expansions for these functions. In view of Dk being an elliptic operator, its nullsolu-
tions are automatically real analytic, thus, the Taylor expansions are still valid for k-regular
functions. Interestingly, by the Cauchy integral formula in [6,22], the Taylor expansions
can be also obtained.
Let us recall that if a function f :Ω → C(Vn,n) is analytic in Ω with 0 ∈ Ω , that means
all the components of f are real analytic in Ω , then in a suitable open ball
◦
B(0,R) ⊂ Ω ,
f
(
xN
)= ∞∑
p=0
1
p!
n∑
α1,...,αp=1
xα1 · · ·xαp
∂pf (xN)
∂xα1 · · · ∂xαp
∣∣∣∣∣
xN=0
. (4.1)
The homogeneous part of the pth degree in (4.1) is
T (0)p f
(
xN
)= 1
p!
n∑
α1,...,αp=1
xα1 · · ·xαp
∂pf (xN)
∂xα1 · · · ∂xαp
∣∣∣∣∣
xN=0
. (4.2)
If moreover, f is supposed to be k-regular in Ω , then clearly T (0)p f (xN) is a homogeneous
k-regular polynomial of degree p. By virtue of Theorems 3.3 and 3.4, we thus obtain that
T (0)p f
(
xN
)= k−1∑
j=0
∑
(l ,...,l )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j , (4.3)1 p−j
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
Cl1,...,lp−k+1 = ∂
p−k+1(Dk−1[T (0)p f (xN)])
∂xl1 ···∂xlp−k+1 ,
Cl1,...,lp−j
= ∂
p−j (Dj [T (0)p f (xN)]−∑k−1i=j+1 ∑(l1,...,lp−i ) Ci−j,p−ixi−j Vl1,...,lp−i (xN)Cl1,...,lp−i )
∂xl1 ···∂xlp−j ,
for j = k − 2, . . . ,0.
(4.4)
Consequently, we have
Theorem 4.1. If f is analytic and k-regular in an open neighborhood Ω of the origin, then
in a suitable open ball
◦
B(0,R) ⊂ Ω
f
(
xN
)= f (0) + ∞∑
p=1
k−1∑
j=0
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j , (4.5)
where for (l1, . . . , lp−j ) ∈ {2, . . . , n}p−j ,

Cl1,...,lp−k+1
= 1
(k−1)!
∑n
α1,...,αk−1=1 D
k−1[xα1 · · ·xαk−1 ] ∂
pf
∂xl1 ···∂xlp−k+1∂xα1 ···∂xαk−1
∣∣
xN=0,
Cl1,...,lp−j
= 1
j !
∑n
α1,...,αj=1 D
j [xα1 · · ·xαj ] ∂
pf
∂xl1 ···∂xlp−j ∂xα1 ···∂xαj
∣∣
xN=0
− ∂
p−j (∑k−1
i=j+1
∑
(l1,...,lp−i ) Ci−j,p−ix
i−j Vl1,...,lp−i (x
N)Cl1,...,lp−i
)
∂xl1 ···∂xlp−j ,
for j = k − 2, . . . ,0.
(4.6)
Remark 4.1. If f is analytic and regular in an open neighborhood Ω of the origin, then
(4.5) may be written as follows:
f
(
xN
)= f (0) + ∞∑
p=1
∑
(l1,...,lp)
Vl1,...,lp
(
xN
)
Cl1,...,lp , (4.7)
where (l1, . . . , lp) ∈ {2, . . . , n}p , Cl1,...,lp = ∂
pf
∂xl1 ···∂xlp |xN=0, which has been proved in [9].
Now suppose that f is k-regular in Ω with 0 ∈ Ω . As Dk is an elliptic operator, its
nullsolutions are real analytic in Ω . Hence f admits the expansion (4.5) in a suitable open
neighborhood
◦
B(0,R) ⊂ Ω of the origin.
Remark 4.2. In [6,22], a Cauchy integral formula has been obtained for k-regular func-
tions, an analogous Cauchy integral formula can be also found in [2,3,18]. Applying it to
the closed ball B1 = B(0,R1) where 0 < R1 < R with R = d(0, ∂Ω), we have
k−1∑
j=0
(−1)j
∫
H ∗j+1
(
uN − xN)dθDjf (uN)= {0, xN /∈ B1,
f (xN), xN ∈ ◦B1. (4.8)
∂B1
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H ∗j
(
xN
)=


Aj
ωn
xj
ρn(xN)
, n is odd;
Aj
ωn
xj
ρn(xN)
, 1 j < n, n is even;
Aj−1
2ωn log(x
2), j = n, n is even;
An−1
2ωn Cl,0x
l
(
log(x2) − 2∑l−1i=0 Ci+1,0Ci,0 ), j = n + l, l > 0, n is even;
(4.9)
where x = ∑nk=1 xkek , ρ(xN) = (∑nk=1 x2k )1/2, ωn denotes the area of the unit sphere
in Rn, Cj,0 is denoted as in (3.36) and
Aj = 1
2[j−1/2][(j − 1)/2]!∏[j/2]r=1 (2r − n) , 1 j < n if n is even,
j ∈ N if n is odd. (4.10)
Notice that for uN ∈ ∂B1, xN ∈ ◦B∗ = ◦B(0, (
√
2 − 1)R1), similarly as in [10], we have
H ∗j+1
(
uN − xN)= ∞∑
p=0
1
p!
n∑
α1,...,αp=1
xα1 · · ·xαp
∂p(H ∗j+1(uN − xN))
∂xα1 · · · ∂xαp
∣∣∣∣∣
xN=0
. (4.11)
Hence, in a classical way, we may derive from (4.8) that in ◦B∗,
f
(
xN
)= ∞∑
p=0
1
p!
n∑
α1,...,αp=1
xα1 · · ·xαp
∂pf (xN)
∂xα1 · · · ∂xαp
∣∣∣∣∣
xN=0
, (4.12)
where now
∂pf (xN)
∂xα1 · · · ∂xαp
∣∣∣∣
xN=0
=
k−1∑
j=0
(−1)j
∫
∂B1
∂p(H ∗j+1(uN − xN))
∂xα1 · · · ∂xαp
∣∣∣∣∣
xN=0
dθDjf
(
uN
)
. (4.13)
Thus, in
◦
B∗,
f
(
xN
)= f (0) + ∞∑
p=1
k−1∑
j=0
∑
(l1,...,lp−j )
Cj,p−jxjVl1,...,lp−j
(
xN
)
Cl1,...,lp−j , (4.14)
where for (l1, . . . , lp−j ) ∈ {2, . . . , n}p−j , Cl1,...,lp−j is given in (4.6).
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